This work deal with braneworld scenarios with generalized teleparallel gravity. We extend a recent investigation, where the model studied was described by F (T ) = T + kT n . In the current study, we introduce the first-order formalism to find analytical solutions for models that include scalar field with standard and generalized dynamics. In particular, we describe the interesting case in which the brane splits, due to the parameters that control deviation from the standard model.
I. INTRODUCTION
Teleparallel gravity is equivalent to the general gravity [1] . The tetrad field h [2] . While the Levi-Civita connection has curvature and no torsion, the Weitzenböck connection has torsion and no curvature. The tetrad field generates a teleparallel structure on spacetime, related with the gravitational field g MN = η ab h 
where K P MN and T P MN are the contortion and torsion, respectively.
The 5D action of the teleparallel gravity is [3] 
where T scalar is defined as
and h = det(h a M ). Here we take 4πG = c 4 . This action is identical to Einstein-Hilbert action for the general gravity
where R is the Ricci scalar (see Refs. [3] for reviews). This equivalence is not preserved in scenarios where the gravity is modified. In general, these two actions (6) lead to two quite different equations for gravity. Recently, theories with f (T ) contributions have been considered in cosmological scenarios as an interesting way for cosmic accelerating expansion without dark energy [4] . Formal aspects for this type of models were studied in several references [5] .
In the recent work [6] , the authors investigated the presence of thick brane solution for the model with F (T ) = T + kT n . They obtained analytical solutions from a given warp factor. In special they have shown that the appearance of double-kink solutions leads to the splitting of the brane. This occurs when the parameter k is large. In the current work, we extend the investigation to more general models, including the presence of a scalar field φ with standard and generalized dynamics, as we explain in the next Section.
The braneworld consists in a domain wall embedded in the higher dimensional bulk. The defect represents the three-dimensional universe. For more than one decade, distinct braneworld scenarios have been studied. In this environment, relevant issues which can be discussed are the gauge hierarchy and the cosmological constant problems, for instance [7, 8] .
The aim of this paper is to investigate braneworld scenarios with f (T ) gravity. We use the first-order formalism (fake superpotential method) to find analytical solutions for the coupled scalar-gravity equations. This established method has been used extensively in several situations [8] [9] [10] [11] . Here we investigate applications for generalized models, with the scalar field having standard and modified dynamics, within the context of generalized teleparallel gravity.
II. THE MODEL
We start with the 5D action
where
In this work, we introduce the first-order formalism for a generic Lagrangian density of a scalar field L(φ, X). As example, we focus our attention in two models
where b > 0 is positive parameter and α is a real parameter. The first model (Model I) is the standard model that was studied in Ref. [6] . The second model (Model II) is a polynomial modification with the same order of the teleparallel modification in Eq. (7).
Varing the action (7) with respect to h a M , we obtain the equation
The energy-momentum tensor for a general scalar field is
by varying the Eq. (7) with respect to φ, we get
We study the case of a brane with the line element ds
, where e 2A is the warp factor and y = x 4 is the extra dimension. For this, we choose h
A , e A , 1). As usual, in braneworld scenarios we suppose that A and φ are static and only depend on y. Therefore we get A = A(y) and φ = φ(y). For this case, the equation of motion for the scalar field given by Eq. (10) becomes
Here, we take X = −φ ′2 /2 and the prime stands for the derivate with respect to y. The teleparallel gravity equations lead to the following equations
where C n = (−1) n−1 2 2n−2 3 n−1 (2n − 1) and the prime represents the derivative with respect to the argument. Some values for C n are C 2 = −36, C 3 = 720, C 4 = −12096. We take L X ≥ 0. As X and A ′′ are non-positive, we have the constraint 1 + nC n kA ′(2n−2) ≥ 0. Sometimes this restricts the values on k. It is obvious that for n = 0, the standard gravity equations [10] are restored.
The energy density is
By using Eqs. (12), we can write
with n = 1/2. For k = 0, this expression is a total derivative, as seen in [8] . This result is not preserved for the model with torsion. If k = 0, the second term contributes to the energy. Thus, we can write
A similar result in the F (R) braneworld scenario was obtained in Ref. [11] .
With the aim of introducing the first-order formalism, we choose the derivative of the warp factor with respect to the extra dimension to be a function of the scalar field:
Using this expression, the equation (12b) turns
This first order equation depends on the field φ and its derivative φ ′ . When possible, we will express φ ′ = φ ′ (φ). The equation (12a) imposes a constraint to the Lagrangian density:
It is not difficult to show that these first equations solve the second-order equations of motion (11) and (12b). We can express the equation (17) as
wherẽ
Note that the Eq. (19) has the same form of the Eq. (17) with n = 0. However, this simplification cannot be done in Eq.(18). Therefore, it is not possible to reduce the first-order formalism to the equations of the standard gravity case [10] .
III. EXAMPLES
Let us now illustrate the general situation investigating some explicit models.
A. Model I
Firstly we investigate the standard Lagrangian density L 1 given by equation (8a). In this case, from the first order equation (17) we get The potential can be found by substituting this equation in the equation (18) 
When k = 0, as Eqs. (21a) and (21b) becomes
, we have that the standard scenario is restored. The minima of the potential v i can be found solving the equation
If we compare this equation with the Eq. (21a), we show that the solution has asymptotic behavior for these minima. The energy density (13) is
We take W (φ) as a linear function W (φ) = 2φ. The potential and the first order equation (21a) can be written as
where B = −nC n 3 2−2n 2 2n−2 k has to be positive. Note that local maximum point is φ 0 = 0, with V (φ 0 ) = 1/2, while the the minima are φ ± = ±B 1 2−2n , with V (φ ± ) = −(4/3n)(n− 1)φ 2 ± . The solution is found in implicit form
For n = 2, we take B = 32k. The potential is written as
which is a sixth order polynomial. The first order equation is φ ′ = 1 − 32kφ 2 . Only for k > 0, this equation leads to a topological solution:
The ratio between the amplitude and thickness of the kink solution does not depends on k. The warp function is
In both solutions, we take φ(0) = A(0) = 0. These results were obtained in Ref. [6] . The energy density is
where S = sech(4 √ 2k y) and p = (48k) −1 . The energy density has ρ(0) = 1 and ρ ′ (0) > 0 for any value of k. Thus, it does not split the brane. In the limit k = 0, the kink solution is a straight line with φ ′ = 1, the warp factor is constant and the energy density is not localized. Therefore, this solution only has significance for k = 0. In Fig. 1 , we plot the profile of the potential V (φ), the warp factor e 2A(y) , the kink solution φ(y) and the energy density ρ(y), for some values of k.
Now we choose another function W (φ) = 2φ 2/n , dependent on n, with 1 < n ≤ 2. The potential and the first order equation are written as
where B n = (−1) n 3 1−n 2 4n−4 n(2n − 1)k must be positive. For n = 2, we obtain the previous case given by (28) . For n = 2, the potential has a local minimum φ 0 = 0, with V (φ 0 ) = 0 and two global minima 
In general, the warp factor is expressed as an integral
For 1 < n < 4/3, the solution (31) is a double-kink. For simplicity, we choose n = 6/5. In this case, we can write the solutions as
A(y) = 6φ
where S = sech y/δ 6/5 . We take φ(0) = 0 and A(0) = 0. Note that φ ′ (0) = 0 and A ′ (0) = 0, which is the same behavior of the two-kink brane [12] . In general, a two-kink solution describes branes engendering internal structure. We can see this if we calculate the energy density, which is given by
.
(34) The brane has two symmetric maxima points, showing the splitting phenomenon. In the center of the brane, the energy density vanishes. In Fig. 2 , we plot the profile of the potential V (φ), the warp factor e 2A(y) , the kink solution φ(y) and the energy density ρ(y), for some values of k. All the solutions of this model exist only for nonzero k.
B. Model II
Now, we exemplify the first-order formalism for a nonstandard Lagrangian density for the scalar field. We take L 2 as it was given by Eq.(8b). In this case, using the first-order equation (17), we get
(35) In order to obtain φ ′ as function of the W (φ) and W φ , we must solve an algebraic equation with degree 2n − 1. To avoid this, we impose that a possible solution for this equation is
which is the equation (35) when k = α = 0. By substituting this equation in the Eq. (35), we obtain the following constraint for the W (φ) function 1 9
whose solution is with −1/36 < k < 1/792. This potential have an infinite number of minima with v j = ( 3/2 π/2)j, where j is integer. The solution that connects the central minima is such that
where S = sech(y). Another way to investigate the equation is to take α and k very small and to discard second order contributions of these parameters to obtain the solutions for a generic W (φ).
IV. FINAL REMARKS
In this work, we introduced the first-order formalism to find analytical solutions for thick branes in the modified teleparallel gravity coupled to the scalar field, with the Lagrangian density in the standard and generalized forms, given by L 1 and L 2 , respectively. This study is a natural continuation of the program to investigate the scalar field behavior under the presence of generalized dynamics with the gravity introduced in Ref. [10] . We found analytical profiles with brane splitting for any value of the parameter k. These solutions are two-kink structures and, in the brane context, the profile engenders vanishing derivative at its center, with the energy density also vanishing there.
The same procedure can be used to investigate other cases involving thick brane solution in generalized gravity. For instance, we can take general F (T ) functions, besides the polynomial form. An interesting way is to choose small modifications in usual gravity, F (R, T ) = R + α(F 1 (R) + F 2 (T )), where α is a small parameter and F 1 (R) and F 2 (T ) are generic functions of R and T . This could extend the study done in Ref. [11] to other scenarios of current interest.
